Abstract-Often, tasks are collected for multi-task learning (MTL) because they share similar feature structures. Based on this observation, in this paper, we present novel algorithm-dependent generalization bounds for MTL by exploiting the notion of algorithmic stability. We focus on the performance of one particular task and the average performance over multiple tasks by analyzing the generalization ability of a common parameter that is shared in MTL. When focusing on one particular task, with the help of a mild assumption on the feature structures, we interpret the function of the other tasks as a regularizer that produces a specific inductive bias. The algorithm for learning the common parameter, as well as the predictor, is thereby uniformly stable with respect to the domain of the particular task and has a generalization bound with a fast convergence rate of order Oð1=nÞ, where n is the sample size of the particular task. When focusing on the average performance over multiple tasks, we prove that a similar inductive bias exists under certain conditions on the feature structures. Thus, the corresponding algorithm for learning the common parameter is also uniformly stable with respect to the domains of the multiple tasks, and its generalization bound is of the order Oð1=T Þ, where T is the number of tasks. These theoretical analyses naturally show that the similarity of feature structures in MTL will lead to specific regularizations for predicting, which enables the learning algorithms to generalize fast and correctly from a few examples.
INTRODUCTION
M ULTI-TASK learning (MTL) has been proposed by Caruna [1] to learn several related tasks simultaneously. It is superior to the traditional single-task learning because it more efficiently learns the shared information among the multiple tasks. Therefore, it has achieved great success in machine learning for its appealing performances on a broad spectrum of applications [2] , [3] , [4] , [5] , [6] , [7] , [8] , [9] , [10] .
There have been some notable theoretical justifications [11] , [12] , [13] , [14] , [15] , [16] , [17] for the success of MTL. All of the theoretical justifications are focused on the average performance over all of the multiple tasks and are independent of the algorithms. However, as stated by Ando and Zhang [13] , in practice, we are often very interested in the performance of some particular task in an MTL problem. Comparing the performance of one particular task in the MTL setting with that of the traditional single-task learning is both necessary and highly important. However, such a comparison has remained elusive. In this paper, by providing novel algorithm-dependent generalization bounds, we analyze the performance of one particular task as well as the average performance over all of the multiple tasks for the MTL algorithms, which employ learning parameters to model the shared information among tasks.
Although some of the previous results state that the tasks in MTL that are learned jointly are "algorithmically related" because the tasks share a common optimal hypothesis class (see, for examples, [11] , [12] ), most of the existing proof methods have been based on some measurements of the complexities of the whole hypothesis class and are independent of any of the algorithms. Such measurements include the VC-dimension [18] , [19] , covering number [20] , [21] , [22] , [23] and Rademacher complexity [24] , [25] .
When the complexity measures of the VC-dimension or covering number were used, as discussed in [11] , [12] , [13] , the convergence rate obtained for the generalization bounds is of the order Oð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi log n=n p Þ with respect to n, which is the training sample size, and of the order Oð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi log T =T p Þ with respect to T , which is the number of related tasks. If the Rademacher complexity was used to measure the hypothesis class (see, for examples, [14] , [15] , [16] ), the obtained convergence rate is of order Oð ffiffiffiffiffiffiffiffi 1=n p Þ with respect to n and of order Oð ffiffiffiffiffiffiffiffi ffi 1=T p Þ with respect to T . These convergence rates are slow because they are derived in such a way as to be dependent on the complexities of the whole set of the predefined hypothesis classes and independent of any of the algorithms. However, in this paper, we investigate the advantages of MTL by exploiting the notion of algorithmic stability, and we take a step forward from previous studies, where theoretical analyses are algorithm-independent, to derive algorithm-dependent generalization bounds that have fast convergence rates of order Oð1=nÞ with respect to n, and of order Oð1=T Þ with respect to T .
We show that stability analysis [26] is more suitable for analyzing MTL. It can be used to illustrate that tasks in MTL can produce regularization. Based on the observation that tasks in MTL are usually chosen because the corresponding feature structures are similar, we prove that the algorithms of either one particular task or the overall multiple tasks for learning a common parameter that is shared in MTL are uniformly stable under certain conditions. Specifically, if a mild assumption is made on the structure of the data matrix and if the loss function ' is strongly convex, the common parameter that is shared by the related tasks will be learned with a fast convergence rate.
When we focus on the performance of one particular task instead of the average performance over all of the tasks, the other tasks can act as a regularizer. Specifically, if any feature vector of the focused task can be (approximately) reconstructed by the observations of the other tasks, the algorithm for learning the common parameter, as well as the predictor, will be uniformly stable with respect to the domain of the particular task and have an algorithm-dependent generalization bound with a fast convergence rate with respect to the sample size of the particular task. When we focus on the average performance over multiple tasks, the multiple tasks can also generate an inductive bias that will not vanish as the number of tasks goes to infinity. Such an inductive bias will act as a regularizer for the optimization procedure. The algorithm for learning the common parameter for multiple tasks is thereby uniformly stable with respect to the domains of the multiple tasks, and the corresponding generalization bound has a fast convergence rate with respect to the number of tasks. These analyses naturally show that if the related tasks are chosen carefully, the tasks in MTL will produce biased regularizers that are based on feature structures. MTL is therefore superior to the traditional single-task learning.
We illustrate the uniform stability property for MTL algorithms by exploiting their feature structures, which also provides a new insight into deriving the stability property for learning algorithms. Previous methods have shown that many learning algorithms exhibit a uniform stability relying on L 2 regularization [27] , [28] . However, our approach relies on more meaningful regularization, which can be reformulated to have a specific regularization matrix. Such a meaningful regularization matrix is based on feature structures and is conveyed from carefully collected tasks. Consequently, the analysis is easy to extend to many existing learning algorithms, such as the learning to learn (LTL) algorithms [11] , [15] , [16] . We provide the extension in the supplementary material, which can be found on the Computer Society Digital Library at http:// doi.ieeecomputersociety.org/10.1109/TPAMI.2016.2544314.
By interpreting the function of some tasks in MTL as biased regularizers and by proving that the learning algorithm is thereby uniformly stable, this work also attempts to address an open question that was asked by Elisseeff and Pontil [29] : "Is there a way to incorporate prior knowledge via stability?" Kuzborskij and Orabona [30] tried to address this open question by posing a connection between hypothesis stability and hypothesis transfer learning, but they failed to improve the convergence rate by exploiting the uniform stability. In this paper, we illustrate that MTL has successfully incorporated prior knowledge into learning algorithms and that the learning algorithms are therefore uniformly stable. Moreover, the learning algorithms have fast convergence rates for generalization.
Related Work
There have been many results on MTL. We briefly summarize the related theoretical studies. Baxter [11] proposed the model of inductive bias learning and extended it to MTL problems. He provided generalization bounds by analyzing the VC-dimension and covering number of the hypothesis class. MTL will benefit if the tasks share a common optimal hypothesis class. To define a common optimal hypothesis class produces an inductive bias. Many theoretical justifications for MTL have then been followed by exploiting specific inductive biases.
Ben-David and Schuller [12] offered a data generating mechanism through which the relationships between the tasks are measured. Based on the notion of task-relatedness, they provided a tighter generalization bound than that provided in [11] for MTL by also analyzing the VC-dimension. Ando and Zhang [13] assumed that there was a common structure parameter that is shared by all of the tasks. They then proved that the shared parameter can be reliably estimated when the task number T is large by using a covering number definition different from that in [11] . The analysis is closely related to that of Baxter [11] .
Maurer [14] studied the linear MTL problem where a common linear operator is chosen to preprocess the data matrices before learning multiple related tasks. He provided a generalization bound by exploiting the Rademacher complexity and illustrated the advantages of MTL by employing a proper common linear operator. Maurer et al. [16] investigated the use of sparse coding and dictionary learning in the context of MTL. They assumed that the task parameters are well approximated by sparse linear combinations of the atoms in a dictionary and provided a generalization bound by exploiting the Rademacher complexity to measure the hypothesis complexity.
Micchelli and Pontil [17] provided a framework of vector-valued functions and discussed their use in MTL. This approach can be theoretically justified using the notion of task-relatedness discussed in [12] . Recently, trace norm regularization has been proposed and has become popular for MTL [31] , [32] . Maurer and Pontil [33] exploited the Rademacher complexity method to provide excess risk bounds for MTL problems that were regularized by the trace norm. Lounici et al. [34] considered the group lasso regularization for MTL and showed that under certain restricted eigenvalue conditions, the effect of the number of predictor variables in the upper bound of sparsity oracle inequalities could be negligible with respect to the number of tasks.
Main Contributions
The main results and contributions of this paper are summarized below: 1) We prove that the sample average stability is upper bounded by the Rademacher complexity. Previous results have shown that the Rademacher complexity is upper bounded by functions of the VC-dimension or covering number. Thus, algorithmic stability can be used to derive tighter upper generalization bounds than the VC-dimension, covering number and Rademacher complexity. 2) To the best of our knowledge, we are the first to analyze the performance of individual tasks in MTL. We thereby illustrate the superiority of MTL to traditional single-task learning. 3) We prove that the algorithm of MTL is uniformly stable under mild conditions and thereby provide algorithm-dependent generalization bounds. The generalization bound of the algorithm for learning one particular task (or the focused task) has a fast convergence rate of order Oð1=nÞ, where n is the sample size of the particular task. In addition, the generalization bound of MTL has a fast convergence rate of order Oð1=T Þ, where T is the number of the overall multiple tasks. This paper is organized as follows. In Section 2, we describe MTL, introduce the algorithm stability and upper bound the sample average stability using the Rademacher complexity. In Section 3, we present algorithm-dependent generalization bounds for MTL. The proofs of our results are presented in Section 4. Finally, Section 5 concludes the paper.
PRELIMINARIES
In this section, we first set up an MTL problem in which the different tasks share a common parameter, which can be viewed as an inductive bias. Then, we present the notion of algorithm stability and show that, for the MTL problem, the stability is more suitable for deriving generalization bounds than the complexity measures of the VC-dimension, covering number and Rademacher complexity.
Let H denote a finite or infinite dimensional separable real Hilbert space with the inner product Á; Á h i and norm k Á k, let R be the euclidean space and let z ¼ ðx; yÞ 2 H Â fÀ1; þ1g be a training example, where x denotes a feature vector (or observation) and y represents the corresponding real-valued label. We denote S ¼ fz 1 ; . . . ; z n g ¼ fðx 1 ; y 1 Þ; . . . ; ðx n ; y n Þg 2 ðH Â fÀ1; þ1gÞ n as a training sample.
Let S t ¼ fz t;1 ; . . . ; z t;n t g ¼ fðx t;1 ; y t;1 Þ; . . . ; ðx t;n t ; y t;n t Þg denote the training sample for the t-th task, and let 'ðy; hðxÞÞ measure the loss that is incurred by predicting hðxÞ when the true label is y, where h 2 H and H is a linear function class 1 (also called hypothesis class). We analyze the following setting for MTL:
where u 2 H is a common parameter that is shared by all of the tasks in MTL, with which the tasks are related, and w t 2 H; t ¼ 1; . . . ; T; are the predictors which are specific for different tasks. Note that the predictor for the tth task is h t ¼ w t þ u 2 H and that some constraints should be further placed on w t , or u, or both, to make the MTL in (1) wellposed because there is a trade-off between w t and u. Many different constraints based on the inherent properties of MTL or the prior knowledge about its specific applications have been therefore proposed. For example, the regularized MTL [35] models P T t¼1 kw t k 2 to be small and u to be smooth; the trace norm regularized MTL [32] also essentially forces w t to be small; the multi-task feature learning algorithm [7] employs a group sparse constraint on w t . However, in this paper, we do not consider explicit constraints and simply assume that w t and u in (1) can be learned. The obtained results apply to all the constrained MTL problems because the employed constraints will only shrink the search space of the parameters to be learned. 2 There are many interesting MTL problems that can be treated directly within our setting (see, for examples, [13] , [35] , [36] , [37] , [38] , [39] , [40] ). Not surprisingly, some potential MTL scenarios are outside of our setting, such as [41] . However, our analyses can be easily extended to justify a much more general form of problem (1), where some but not all of the tasks share common parameters. Then, we can discuss the models involving outlier tasks. And many other MTL scenarios are within the scope of our discussion. One example is MTL based on coding schemes [16] .
Existing generalization bounds for MTL have relied on complexity measures such as the VC-dimension, covering number and Rademacher complexity. The obtained bounds are therefore dependent on the complexities of the predefined hypothesis classes and are independent of the learning algorithms. However, in this paper, we will use the notion of algorithmic stability other than the notions of VCdimension, covering number and Rademacher complexity to derive algorithm-dependent generalization bounds for MTL. In particular, stability is a property of an learning algorithm, i.e., if two training samples are close to each other, a stable algorithm will output close predictors. There are many versions of stability, such as the hypothesis stability [42] , sample average stability [43] and uniform stability [26] . We will focus on the uniform stability, to which the other types of stability are closely related. where h S is the hypothesis function that is returned by the learning algorithm when the input training sample is S, and S i denotes the training sample S with the ith example z i replaced by an independent and identically distributed example z 0 i . Note that, in this paper, we say an algorithm is uniform stable if the minimum value of b converges to zero as the training sample size increases without limit.
1. In this paper, H can also be a reproducing kernel Hilbert space.
2. Note that for the cases where the constraints on w t ; t ¼ 1; . . . ; T , and u are positive and convex, due to the additive and non-negative properties of Bregman divergence as shown in Lemma 1, the proof methods provided in this paper can be easily extended to the constrained MTL problems to improve the results.
To illustrate that stability is a more subtle notion than the VC-dimension, covering number and Rademacher complexity for deriving upper generalization bounds, we will employ the sample average stability defined in [43] and show that it is upper bounded by the VC-dimension, covering number and Rademacher complexity. 
where D denotes the distribution over the domain Z for generating the training example z. 
Previous results show that the Rademacher complexity could be upper bounded with respect to the VC-dimension and covering number, respectively. For example, by combining Massart's Lemma [44] and Sauer's Lemma [45] , it can be proven that the Rademacher complexity is upper bounded by a function of the VC-dimension; Dudley [46] showed that the Rademacher complexity is upper bounded by a function of the covering number. Thus, the Rademacher complexity method has the potential to derive tighter upper generalization bounds than approaches based on the VC-dimension and covering number, and therefore, it has been widely used to analyze generalization bounds.
We show that the sample average stability is upper bounded by the Rademacher complexity, as follows.
Theorem 1. The sample average stability is upper bounded by
Rademacher complexity, as shown in inequality (4). 
The Rademacher complexity Rð' HÞ is defined by
where H is the predefined linear hypothesis class, ' H denotes the set of compositions of functions ' and h 2 H, and s 1 ; . . . ; s n are the independent Rademacher variables that are uniformly distributed on fÀ1; 1g.
See the proof in Section 4.2.
Theorem 1 shows that the algorithm stability has the potential for deriving tighter generalization bounds than the VCdimension, covering number and Rademacher complexity.
In contrast to the previous theoretical analyses of uniform stability derived from L 2 regularization, we propose a new method for proving uniform stability based on the feature structures. We show that the learning algorithms for MTL are uniformly stable. Details are presented in the next section.
MAIN RESULTS
In this section, we provide algorithm-dependent generalization bounds for MTL. These results are based on the idea that when related tasks are learned at the same time, tasks can function as regularizers for predicting.
Note that the related tasks for MTL are usually chosen because of the similarity in their feature structures. We formulate the prior as the following assumption: Assumption 1. If we focus on the jth task, j 2 f1; . . . ; T g, there exists a subset B ¼ fb 1 ; . . . ; b N g & fx 1;1 ; . . . ; x T;n T g À fx j;1 ; . . . ; x j;n j g such that for any feature vector x distributed from the jth task, x can be reconstructed by B with a small reconstruction error, i.e., x ¼ P N j¼1 a j b j þ h, where a j 2 R; kak r, and h is a small error that satisfies khk . If we focus on the whole multiple tasks, for any task t; t ¼ 1; . . . ; T , there also exists a subset B t ¼ fb t;1 ; . . . ; b t;N t g & fx t;1 ; . . . ; x t;n t g such that for any feature vector x distributed from any task, x can be reconstructed by B with a small reconstruction error.
We note that Assumption 1 is very mild. If the feature space is of low-rank or the data lies on a manifold, the assumption can be easily satisfied even for the traditional single task learning problem. If the feature vectors are randomized, the assumption will also hold if the sample size reaches the dimension of the feature vector.
Before presenting our main results, we introduce strongly convex loss functions: where c 2 R þ and r'ðy; hðxÞÞ denotes the gradient of the loss function 'ðy; hðxÞÞ with respect to hðxÞ.
Remark 2. The quadratic loss function 'ðy; hðxÞÞ ¼ ðy À hðxÞÞ 2 is 2-strongly convex and has been widely used in many scientific fields. Many other frequently used loss functions, such as hinge loss and logistic loss, are only convex but not strongly convex. However, in statistical learning theory, we often assume that hðxÞ is bounded, e.g., hðxÞ 2 ½ÀU; U, where U is a positive constant. In this case, the loss functions may be strongly convex. For example, the logistic loss 'ðy; hðxÞÞ ¼ log ð1 þ exp ðÀyhðxÞÞÞ is expðÀUÞ=4-strongly convex when hðxÞ is restricted to the interval ½ÀU; U, because d 2 'ðy; hðxÞÞ =d 2 hðxÞ ¼ expðyhðxÞÞ=ðexpðyhðxÞÞ þ 1Þ 2 ! expðÀUÞ = 4.
Note that the strong convexity [47] and strong smoothness are dual properties, strongly convex programming algorithms have many benign properties both on the speed of optimization and the quality of generalization; see, for examples, [47] , [48] , [49] , [50] .
Algorithm-Dependent Generalization Bounds
Instead of providing the most general analysis with the tightest possible generalization bounds for the task predictors in MTL, we present the tightest possible generalization bounds for learning the shared parameter u in (1). Our purpose is to illustrate the main benefit of MTL, which is that the shared parameter can be more accurately estimated. Moreover, we focus on both the performance of one particular task and the average performance over all of the multiple tasks.
For the first time in the literature, we provide algorithm-dependent theoretical analysis for MTL by showing the property of uniform stability, which is upper bounded by Oð1=nÞ or Oð1=T Þ, for the learning algorithms of MTL. To upper bound the uniform stability, we assume that the loss function ' satisfies the following Lipschitz-like condition, which has been widely used (see, for examples, [26] , [51] ): Definition 4. A loss function ' is s-admissible with respect to the hypothesis class H if there exists s 2 R þ such that for any two hypotheses h; h 0 2 H and any example z 2 H Â fÀ1; þ1g, the following inequality holds: j'ðy; hðxÞÞ À 'ðy; h 0 ðxÞÞj sjhðxÞ À h 0 ðxÞj: Proposition 1. Let focus on the jth task in the multi-task learning problem (1). Let Assumption 1 hold that there exists a subset B fx 1;1 ; . . . ; x T;n T g À fx j;1 ; . . . ; x j;n t g such that for any feature vector x distributed from the jth task, it holds that x ¼ P N j¼1 a j b j þ h, where a j 2 R; kak r, and h is a small error that satisfies khk . Let the loss function ' be c-strongly convex and s-admissible. Then, the algorithm for learning u is uniformly stable with respect to the domain of the jth task. That is, for any z j ¼ ðx j ; y j Þ distributed from the jth task, any u S i j and u S j learned by algorithm (1), given w j , the inequality (5) holds.
where S j is the training sample for the jth task, S i j is the training sample of the jth task with the ith example z i ; i 2 f1; . . . ; n j g, replaced by another independent and identically distributed example z 0 i , u S j denotes the shared parameter u learned by algorithm (1) when the jth task has the training sample S j , Z j denotes the domain of the jth task, and n j represents the training sample size of the jth task.
For simplicity, let ¼ 0, and we have
See the proof in Section 4.3. Note that n j denotes the training sample size of the jth task. When we focus on the jth tasks, the sample sizes of the other tasks, which are fn t : t 6 ¼ jg, should be fixed, then the upper bounds in Proposition 1 will decrease quickly as the training sample size of the jth task is increased. 
in the remainder of the paper. However, our results could be easily extended to the case of h 6 ¼ 0, as in the case shown in Proposition 1. We note that the upper bounds are independent of the number N of representative observations B. Thus, we could increase N to obtain a small khk.
Remark 4. According to the proof method of Proposition 1, when we focus on one particular task, we interpret the function of the other tasks as regularizers. The proof of Proposition 1 can be interpreted to rely on regularization kGuk 2 2 , where is a regularization parameter that is dependent on the training samples of the unfocused tasks, and G, which is dependent on the representative observations B (defined in Assumption 1), is referred to as the regularization matrix. More details are illustrated in the proof of Proposition 1 and Remark 16. The superiority of MTL could therefore be explained by the fact that a proper inductive bias, the regularization kGuk 2 2 , has been carefully collected for the focused task. The algorithm for learning the parameter u is therefore uniformly stable with respect to the domain of the focused task. As shown in Proposition 1, when we increase the training sample size n j of the jth task, the upper bound will decease fast with order Oð1=n j Þ.
Remark 5. Our analyses are different from the idea of regularizing a projected version of the shared parameter in a new space, because the regularization matrix G, which is constructed from the representative observations B is not necessarily a projection matrix. Moreover, the regularization matrix G (or the representative observations B) could be over-complete, for the construction of the observations x 2 H.
A generalization bound for learning u can be easily derived using the upper bound of uniform stability presented in Proposition 1. . . . ; m T be probability measures on the domains of T different tasks. Let the set fn t : t 6 ¼ jg be fixed. For any learned u and any d > 0, given w j , with probability at least 1 À d, the inequality (6) holds.
' y j;i ; w j þ u; x j;i À Á 2s 2 r 2 maxfn t : t 6 ¼ jg
See the proof in Section 4.3.
Remark 6. Using the Rademacher complexity method, we can prove that the algorithm for learning the shared parameter u has a generalization bound of order
Oð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 1= P T t¼1 n t q Þ, which could be tighter than the order 3
Oð1=n j Þ presented in Proposition 2 when n 1 ¼ . . . ¼ n T ¼ n and T > n. However, such a generalization bound is of order Oð ffiffiffiffiffiffiffiffiffi ffi 1=n j p Þ with respect to the sample size n j of the j-the task and decreases far more slowly than our bound presented in Proposition 2 when increasing the sample size n j .
Remark 7. Bousquet and Elisseeff [26] and Shalev-Shwartz et al. [43] have proven that the generalization bound for learning the predictor of a single task can be of order Oð1=nÞ, where n is the sample size of the task. Their results apply to the focused task in MTL. However, their bounds strictly rely on L 2 regularization on the predictor, or u, while our bound does not and thus is more general.
Remark 8. The generalization bound shown in Proposition 2 is algorithm-dependent, because it has been derived by interpreting some of the tasks in the MTL problem (1) as regularizers, which greatly shrinks the search space of the parameters to be learned.
Since there is an trade-off between w j and u, our results in Propositions 1 and 2 can be easily extended to learn the predictor of the focused task by simply setting w j ¼ 0 in the proof. Using the same proof method, we have the following theorem.
Theorem 2 (Main result one).
Under the conditions of Propositions 1 and 2, for any z j ¼ ðx j ; y j Þ distributed from the jth task, any predictor h j;S j and h j;S i j learned by algorithm (1) for the jth task, the inequality (7) holds. 
Let ¼ 0, and we have Moreover, for any predictor h j learned for the jth task and any d > 0, with probability at least 1 À d, the inequality (8) 
Remark 9. When focused on a specific task, we are interested in the problem of how increasing its sample size affects its learning performance. Since the existing generalization bound of the empirical risk minimization (ERM) algorithm for single-task learning has the fastest convergence rate of order Oð ffiffiffiffiffiffiffiffi 1=n p Þ, Theorem 2 shows the benefit of MTL over the traditional single-task learning by illustrating that the generalization bound for learning the focused task in MTL is of order Oð1=nÞ with respect to its sample size n, Remark 10. The obtained generalization bounds in Proposition 2 and Theorem 2 have fast convergence rates with respect to the sample size of the focused task. To derive the fast convergence rates, we have concentrated on feature structures and ignored the labeling information of the unfocused tasks, so no benefit is shown for any increase in the other training sample sizes n t ; t 6 ¼ j. However, in practice, large n t ; t 6 ¼ j; will provide more labeling information that is useful to the focused task. We refer the readers to the related work for more details.
When learning the shared parameter u, we have shown that the algorithm can be uniformly stable with respect to the domain of one particular task in MTL and that the convergence rate with respect to the corresponding training sample size is fast. We now show that the shared parameter u can be estimated with a fast convergence rate with respect to the number of the multiple tasks.
Theorem 3 (Main result two). Let S ¼ fS 1 ; . . . ; S T g denote the training sample set for MTL. Let Assumption 1 hold that for any task t; t ¼ 1; . . . ; T , there exists B t ¼ fb t;1 ; . . . ; b t;N t g & fx 1;1 ; . . . ; x T;n T g À fx t;1 ; . . . ; x t;n t g such that for any feature vector x distributed from any task, x can be reconstructed by B with a small reconstruction error, i.e., x ¼ P N t j¼1 a j b t;j þ h; kak r, and h is a small error that satisfies khk . Let also assume that h ¼ 0. Let the loss function ' be c-strongly convex and s-admissible, and let n 1 ¼ n 2 ¼ . . . ¼ n T ¼ n, where n ! 2. Then, the algorithm for learning u by multi-task learning is uniformly stable with respect to the domains of all the multiple tasks. Thus, we have
where u S denotes the u that is learned using sample S, S i represents the training sample S with the ith training example z i ; i ¼ 1; . . . ; Tn, replaced by an independent and identically distributed one z Remark 11. Theorem 3 is based on the idea that multiple tasks can provide an inductive bias that does not vanish when T goes to infinity. The inductive bias makes the learning algorithm uniformly stable with respect to the domains of all the multiple tasks.
When focusing on the average performance over all of the multiple tasks, we show that the generalization bound decreases fast as the number of tasks increases.
Proposition 3. When focusing on all of the multiple tasks, let
Assumption 1 hold and let h therein be 0. Let the loss function ' be c-strongly convex and s-admissible, let m 1 ; . . . ; m T be probability measures on the domains of the multiple tasks and let n 1 ¼ n 2 ¼ . . . ¼ n T ¼ n be fixed. Then, for any u that is learned using (1) for MTL, and any d > 0, given w t ; t ¼ 1; . . . ; T , with probability at least 1 À 2d, the inequality (9) holds.
E z t ¼ðx t ;y t Þ$m t ' y t ; w t þ u;
See the proof in Section 4.4.
Remark 12.
The predictor h t ¼ w t þ u; t ¼ 1; . . . ; T; has a two-part structure: one part corresponds to the specific task in the set of multiple tasks, and the other part is for the shared parameter u. When focused on the multiple tasks, our statements (i.e., Propositions 2 and 3) concern the shared parameter u but not the parameters that are specific for different tasks. This strategy is natural because MTL has not shown any benefit for learning knowledge that is specific to one particular task and is irrelevant to the other tasks. The fast convergence rate for learning the shared parameter u is a strong theoretical justification for the good performance of MTL, even though the generalization ability of the overall predictor h t ; t ¼ 1; . . . ; T; has not been exploited explicitly.
Remark 13. When focusing on the performance of one particular task, we have derived an algorithm-dependent generalization bound with a fast covergence rate with respect to the predictor h j ¼ w j þ u. When focusing on the average performance over multiple tasks, we have only dervied an algorithm-dependent generalization bound with a fast covergence rate with respect to the common parameter u. This is because it is unreasonable to claim that the MTL algorithm for learning w j ; j ¼ 1; . . . ; T is uniformly stable with respect to the domains of all the multiple tasks.
Remark 14.
Increasing the number of tasks can be helpful for multi-task learning. To obtain an intuitive understanding, consider an extreme case in which all of the tasks are related and each task has an independently drawn sample of size one. Increasing the number of related tasks is equal to increasing the number of the independently drawn examples and will definitely help learn the related information. Proposition 3 provides a theoretical guarantee for this intuition with a fast convergence rate of order Oð1=T Þ.
Remark 15. To model the relationship between tasks, we have used a parameter u that is shared by all of the tasks, as shown in (1). However, based on the proof methods, our analyses could be easily extended to a more general setting where only a few tasks share some common parameters. For example, Maurer et al. [16] proposed a coding schemes model for MTL, where the task parameters are linear combinations of the atoms in a dictionary (also called an implementation in coding schemes). In this model, multi-task learning benefits when at least one atom is shared by some of the task parameters. Our analyses show that the shared atom can be efficiently learned with a fast convergence rate with respect to the training sample size or the number of tasks that share the atom.
Different from previous results showing that most learning algorithms exhibit a uniform stability relying on L 2 regularization, we have illustrated the uniformly stable property for MTL algorithms by exploiting feature structures. In our analyses, carefully collected tasks could provide biased regularization. Consequently, our approach is easy to extend to many existing learning algorithms. We present the extensions to learning to learn, as an example, in the supplementary material, available online.
PROOF
In this section, we present detailed proofs of the assertions that were made in previous sections. We begin by introducing the concentration inequalities, which play an important role in proving generalization bounds.
Used Tools
McDiarmid's inequality [52] , which is known as the bounded difference inequality, is widely used for deriving generalization bounds.
Theorem 4 (McDiarmid's inequality).
Let X ¼ ðx 1 ; . . . ; x n Þ be a sample set of independent random variables and let X i be a new sample set with the ith example x i in X replaced by a new one x 0 i . If there exists c 1 ; . . . ; c n > 0 such that f : X n ! R satisfies the following conditions:
for all i 2 f1; . . . ; ng and any points x 1 ; . . . ; x n ; x 0 i 2 X. Then for any X 2 X n and > 0, the following inequality holds:
where PrfAg denotes the probability that event A occurs.
Note that McDiarmid's inequality holds for independent random variables, which are not required to be identically distributed. Combined with McDiarmid's inequality, the uniform stability of learning algorithms is used to develop generalization bounds with fast convergence rates. The generalization bound derived using uniform stability is as follows [51] :
Theorem 5. Assume that the loss function ' is bounded by M. Let A be a b-stable learning algorithm, S be a sample set with n i.i.d. random variables, and h S be the hypothesized function that is output by the learning algorithm A when the input training sample is S. Then, for any d > 0, with probability at least 1 À d, the following holds: It can be proven that jFðSÞ À FðS i Þj 2b þ M=n and that E S FðSÞ b. Then, Theorem 5 can be obtained using McDiarmid's inequality.
To upper bound the uniform stability, we need to introduce the notion of Bregman divergence [51] .
Definition 5 (Bregman divergence). Let F : H ! R be a convex function. For all f; g 2 H, we have
where dF ðgÞ denotes the subgradient of F at g.
Detailed discussions about Bregman divergence can be found in [51] . To prove that the learning algorithm of MTL has a fast generalization rate of order Oð1=T Þ, we will use Hoeffding's inequality [53] .
Theorem 6 (Hoeffding's inequality) . Let x 1 ; . . . ; x n be independent random variables with x i taking values in ½a i ; b i for all i 2 f1; . . . ; ng. Then for any > 0, the following inequality holds:
Proof of Theorem 1
We show that the Rademacher complexity and algorithmic stability are closely related by proving that the sample average stability is upper bounded by the Rademacher complexity.
Proof of Theorem 1. We have 
Proofs of Propositions 1 and 2
We first prove that when the loss function ' is c-strongly convex, the corresponding ERM algorithm (1) for MTL will be uniformly stable with respect to the domain of a particular task if a mild assumption on the data structure holds. Note that in the proof, we will interpret the functions of some of the tasks as regularizers.
Proof Proposition 1. We prove that the algorithm for learning u is uniformly stable with respect to the domain of the first task. For the other tasks, the same proof strategy applies. Let S 1 ¼ ðz 1;1 ; . . . ; z 1;n 1 Þ be the i.i.d. training sample for the first task. For any given w 1 and any z 1 ¼ ðx 1 ; y 1 Þ distributed from the first task, the inequalities (10) hold.
'
where u S 1 ;...;S T represents the parameter that corresponds to the related information among the tasks and is learned when the training samples are S 1 ; . . . ; S T . We will use the notion of Bregman divergence to derive an upper bound for max z 1 ¼ðx 1 ;y 1 Þ2Z 1 jhu S 1 ;...;S T :: À u S i 1 ;S 2 ;...;S T ; x 1 ij.
Let B ¼ ðb 1 ; . . . ; b N Þ 2 fx 1;1 ; . . . ; x T;n T g À fx 1;1 ; . . . ; x 1;n 1 g be the representative observations defined in Assumption 1 such that for any feature vector x distributed from the first task, x can be reconstructed by B with a small reconstruction error. Let
where n t j is the size of the training sample S t j , t j 2 f1; . . . ; T g, to which the example ðb j ; y b j Þ belongs. Let
' y t;i ; w t þ u; x t;i À Á :
Define V ðuÞ by To lower bound the right-hand side of inequality (11), we consider two different forms of loss function: (i) 'ðy; hðxÞÞ ¼ 'ðy À hðxÞÞ and (ii) 'ðy; hðxÞÞ ¼ 'ðyhðxÞÞ, separately.
When the loss function is of form (i), the inequalities (13) hold. 
where the first inequality holds because the loss function ' is c-strongly convex.
When the loss function is of form (ii), similar to (13), the inequalities (14) hold.
Note that for any z 0 1;i ; i ¼ 1; . . . ; n 1 , distributed from the first task, using (11), (13) and (14), we have that inequalities (15) hold.
By Assumption 1, for any x 1 , we have 
Combining (15) and (17), we have c maxfn t : t 6 ¼ 1gT 
where
and both of them are positive and convex. Thus, we can interpret the function of the unfocused tasks as regularizers. In the proof of Proposition 1, we used R 1 ðuÞ ¼ NðuÞ as regularization to obtain the upper bound of uniform stability. If we replace R 1 ðuÞ by
proof procedure and result of Proposition 1 remain the same, which means that we have not used the labeling information of the unfocused tasks in the proof (as discussed in Remark 10) and that Proposition 1 relies on the simple form regularizer
we have written
Proof of Proposition 2. According to Proposition 1, we have proven that the algorithm for learning u is uniformly stable with respect to the domain of the first task and that b 2s 2 r 2 maxfn t : t 6 ¼ jg n j c :
Thus, Proposition 2 is proven by combining Proposition 1 and Theorem 5. t u
Proofs of Theorem 3 and Proposition 3
The proof method of Theorem 3 is similar to that of Proposition 1. The key idea is that every training sample S t ; t ¼ 1; . . . ; T , independently contributes to an inductive bias.
Proof of Theorem 3. Similar to (10), for any t 2 f1; . . . ; Tg and any z ¼ ðx; yÞ distributed from any of the multiple tasks, we have
where u S represents the parameter that is corresponding to the related information among tasks and is learned for MTL using the training sample set S ¼ fS 1 ; . . . ; S T g, and S i represents the training sample S with the ith training example z i ; i ¼ 1; . . . ; Tn, replaced by an independent and identically distributed one z 0 i . Let B t ¼ ðb t;1 ; . . . ; b t;N t Þ 2 fx t;1 ; . . . ; x t;n g; t ¼ 1; . . . ; T , be the representative observations for the tth task defined in Assumption 1 such that for any feature vector x distributed from any task, x can be reconstructed by B t with a small reconstruction error. Let
' y b t;j ; w t þ u; b t;j ;
where y b t;j denotes the label for the observation b t;j . Let
Then, we have
where V T ðuÞ is the sum of some prediction losses of examples and therefore is non-negative and convex. Using the non-negative and additive properties of Bregman divergence again, for any z 0 t;i distributed from any of the multiple tasks, we have
Similar to the proof in (13) and (14), we have that the inequalities (19) hold. 
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